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ABSTRACT
We construct division algebras with involution containing a Baer ordering
with noninvariant order ring. This gives a negative answer to a question of
Holland, whether the order ring is always invariant under inner automor-
phisms. Furthermore, we give examples of any index. Previously, the only
known examples of division algebras containing Baer orderings were of index
2% or of index p for p a prime of the form 4m + 3.

1. Introduction

Let D be a finite-dimensional division algebra with involution. In [H,]
Holland defines a Baer ordering of D and shows that associated to any Baer
ordering is an order subring of D which is a total valuation ring (see below for
definitions). In [H,] Holland raises the question whether the order ring is
invariant under inner automorphisms of D. An affirmative answer would
imply that associated to the ordering is a valuation on D. The existence of such
a valuation could help to classify Baer orderings in much the same way as for
orderings of commutative fields.

In this paper we give examples of a Baer ordering of a division algebra with
involution having a noninvariant order ring. Thus we give a negative answer to
Holland’s question. An added feature of these examples is that we construct
Baer orderings (with noninvariant order ring) of division algebras of every
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possible index, i.e., index 2" for involutions of the first kind, and any index for
involutions of the second kind. Previously the only known examples of
division algebras containing Baer orderings were of index 27 (with an involu-
tion of the first kind) [H,, Th. 1.1} or index p for p a prime of the form 4m + 3
[H,, Ex. 3.4].

The main tool in constructing these examples is valuation theory of division
algebras. In Section 2 the relevant background information is given together
with some results that will help to build our examples. The examples are then
given in Section 3.

2. Preliminaries

Let D be a division algebra with center Z(D) = F and * an involution on D.
That is, * is an antiautomorphism of D with *o* = 1. The involution * is
said to be of the first kind if a* = a for all a €F; otherwise * is said to be
of the second kind. An element d € D is called symmetric (resp. skew) if d* = d
(resp. d* = — d). We will denote by S(D) (resp. Sk(D)) the set of all symmetric
(resp. skew) elements of D. The set Fy=F N S(D) is called the symmetric
subfield of F. So F; = Fif * is of the first kind, while [F: F,] =2 if * is of the
second kind.

A Baer ordering of D is a subset B of D such that

(i) 1€Band 0¢ B,

(il) B+ B C B,

(iii) a*Ba C B for all nonzero a €D,

vy Bn—B=0,

(v) BU —B2S(D)—{0}).

The idea behind this definition is that, while there is no ordering in the usual
sense on a noncommutative division algebra finite dimensional over its center,
if we restrict the order relation to the symmetric elements of a division algebra
with involution then it is possible to have an ordering, for instance on the
Hamilton quaternions H.

If B is a Baer ordering on D we define a partial order relation > on D by
a>b iff a —bEB. Note that Holland’s definition in [H,] assumes that
B U — B =S(D)— {0}. Given B satisfying the above definition, B N S(D)
will be a Baer ordering according to Holland’s definition. It will be convenient
to use this slightly more general definition. We point out that there are other
definitions of ordering on a division algebra with involution (cf. [C], [Cr},

(Ha), (ID.
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In order to establish Propositions 2.2 and 2.3 below, which allow us to build
examples from more basic ones, we have found it convenient to introduce a
parallel notion of Baer ordering which deals with skew elements. A subset C of
D is called a skew Baer ordering of D if

(1) 0&C,

(i) C+CCC,

(iii) a*Ca C C for all nonzero a €D,

ivyCn-C=4g,

(v) CU~C 2 Sk(D)—{0}.

Note that if * is an involution of the second kind then D has a nonzero central
skew element a; if B is a Baer ordering of D then aB is a skew Baer ordering of
D. Conversely, if Cis a skew Baer ordering of D then + aC is a Baer ordering
of D.

In the theory of ordered fields valuation theory has played an important role
(cf. [P, §7], [L]). Similarly for the various types of orderings on division
algebras with involution, connections have been found between orderings and
valuations.

Let D be a division algebra and D" the set of nonzero elements of D. We work
exclusively with a division algebra D finite-dimensional over its center Z(D).
The index of Dis \/[D : Z(D)). A valuation on D is a function v: D*—T', where
I" is a totally ordered abelian group, such that for all a, b € D",

(i) v(ab) = v(a) + v(b),

(ii) v(a + b) Z min{v(a), v(b)} ifa + b # 0.

For convenience we adjoin oo to I' with oo > y for all y €T and set v(0) = .
Let I'p = v(D"), the value group of v; V, = {a €D | v(a) z 0}, the valuation
ring of v; M, = {a €D | v(a) >0}, the maximal ideal of V,,; U, = V), — M),
the group of units of V,; and D = V,,/Mp,, the residue division ring of v. Let
n: V,— D be the canonical homomorphism and write @ for the image 7(a) of
an element a € V). If E is a subdivision algebra of D then v | £ 1s a valuation on
E with valuation ring V; = ¥V, N E. There are canonical inclusions I'; C T
and E CD.

Let D be a division algebra with involution * and suppose v is a valuation on
D. If v(a*) = v(a) forall a €D (i.e., vo * = p) then vis said to be a *-valuation,
If * is of the first kind then v is a *-valuation since by [W, Cor.] or [E, Cor. 1] the
valuation v | = (vo %) | £ has a unique extension to D. If v is a *-valuation then
the valuation ring V;, of v is closed under *, as is M, so there is an induced
involution on D, given by u* = u*,

Given a Baer ordering B of D the order ring of B is defined to be
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Vs ={dED | r — da* € B for some r €Q}.

This is a total subring of D by [H,, Th. 4.3]; that is, if a €D’ then a€ V; or
a~'€Vj. The question of whether V; is invariant under inner automorphisms
of D was raised in [H,]. Only when this invariance holds will V; be the
valuation ring of a valuation on D.

The orderings we will construct will be liftings of orderings on residue
division algebras. The following lemma will allow the order ring of the lifted
ordering to be determined.

LEmMMA 2.1. Let D be a division algebra with involution *, B a Baer
ordering of D and v a »valuation on D. Suppose that B = (B N Uyp) is a Baer
ordering on D. If T is the order ring of B then n~\(T) C V, is the order ring of B.
If T is not invariant under inner automorphisms then neither is 1~ \(T).

Proor. (Note that v is trivial on Q since char(_ﬁ) =0.) Suppose a € Vp.
Then r — aa* € B for some r €Q. If v(a) <0 then v(a™ ) =v((a~")*)>0, so

a Wr—aa*)a HY*=ra"(a “)* - 1€B.

Thus ra-a-')* — 1 = — 1EB, a contradiction. Hence v(a)=0 and 7 —
@a*€EB (or else F — Ga* = 0; then 7 + | — Ga* € B). Therefore a €T, and so
a€xn~\(T). Conversely, if a €n~"(T) then ¥ — @a* € B for some r €Q. Since
r — aa* is symmetric, it has a sign, and so r — aa* € B implies r — aa*E€B.
Hence a € V. Therefore Vy =n~'(T). If T is noninvariant then there is a
ueUpwithuTu '#T. Then Vy=n"(T)#un " (Tu'=uVyu~'. [ |

If 4 is a Baer ordering of D, we call a Baer ordering B of D a lifting of 48 if
B = n(B N Up) = #. The above lemma applies whenever B is a lifting of B.

The next proposition will allow us to get all our desired examples (except of
index 2" with an involution of the second kind) from two basic constructions;
one of index 2 and one of index m for any odd integer m. Recall that a (finite-
dimensional) valued division algebra T with center Z(T) is called totally
ramiﬁ_ecﬂf [T:Z(T)] = |T'r:Tzxn). It then follows from [S, pp. 21-22] that
T = Z(T).

PROPOSITION 2.2. Let A be a division algebra with involution , (of either
kind) with a Baer ordering B and a skew Baer ordering C. Let F, be the
symmetric subfield of F = Z(A). Let T be a division algebra with Z(T) =
K D F,, [T:K]< oo, with involution *; of the first kind. Suppose T has a
valuation v trivial on F, such that T is totally ramified over K and T=F,
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Let D = AQg, T, with involution » = x, & *(of the same kind as »,). Then D is
a division algebra, and D has a Baer ordering B, and a skew Baer ordering Cp,.
If the order ring of B is noninvariant, then the order ring of By is also
noninvariant.

Proor. Before working with D, we look at 7. Because *ris of the first kind,
vosy =u. Let R =n"YT?)=(1 + M;)U2, a normal subgroup of T*. Note
that 1+ M, is also a normal subgroup of 7T°. For a,bET", a=b
(mod 1 + M7) iff v(a) = v(b) <v(a — b).

Since T has an involution of the first kind it has order 2 in the Brauer group
Br(K); consequently, by [JW,, Cor. 6.10] or [PY, (3.19)] I'7/T'x is an elemen-
tary abelian 2-group. Furthermore, from the theory of totally ramified division
algebras (cf. [TW, §3}), there is a well-defined canonical pairing € : (I'y/T'x) X
(I'y7/Tg)—{ £ 1} given by €(v(a)+ I, v(b)+Tx)=aba"'b~'. For nota-
tional convenience we view € as a map I'y X I'r —{ % 1}. In particular, for
a,beT* with v(b)ET (e.g., if v(b)E2T'}), then ab =ba (mod 1 + M;).

Take any x € T". Since v(x*r) = v(x) we have x* = ux for some u € Ur.
Then x = (x*r)*r = x*u*r = uxu*r=uyu*x (mod 1 + M;); so in T=K (on
which the residue involution is trivial) #%*r =% 2= 1; hence ¥ = * 1. That is,
x*r=1 x (mod | + M7). Define a functione:I'r—{ + 1} by

x*r=¢g(y)x (mod 1+ M;) forany xET* with v(x)=7.

It is easy to check that &(y) depends only on y and not on the choice of x. The
map ¢ is not a group homomorphism. In fact,

1) e(y +0) = e(y)e()é(y, 6) forall y, 6 ET;.
From this it follows that
(2) e20)=1 and e&(y +20)=¢(y).

Now, we choose a special set of representatives x, € T* for each y €EI'; such
that v(x,) =7, and x,=1. Define a function p:I'; XI'r— Ur by x,x; =
p(7, 0)x, . 5. The choice of x, is to be made so that the following conditions hold
forall y, 0 E€l:

(3) p(7,6)=11 (modR),
4 p(7,26)=1 (mod R).

Here is a way of selecting the x, to satisfy these conditions. First choose
{B:}icr € I'r mapping bijectively to a basis of the free Z/4Z-module I';/4I;.



246 P. J. MORANDI AND A. R. WADSWORTH Isr. J. Math.

For each i €1 choose any y; € T * with v(y;) = 8,. Pick any total ordering of the
index set I. Now, any y EI';is expressible uniquely in the form y = 2,¢; a; 5; +
4y’, where a; €{0, 1, 2, 3} and all but finitely many g, = 0. Set x, = I, yf* - 2
where the yf terms in the product are written in ascending order of the [’s and
z, is chosen in K so that v(z,) =2y’ (and z,=1). This is possible since
2T, C T Iflikewise & = Z,¢; b; f; + 407 so that x; = IT,, y% - z}, then from the
canonical pairing commutation rules we get

P, )=t I yH(z,252,/5)} (mod 1 + M7)
where Iy={i€l|a;+b,z4). (If y+38=2Tie;¢,8 + 4y + 6y then ¢, =
a; + b;ifa; + b, <4andc;, = a; + b, — 4ifa; + b, = 4.) The sign in the formula
is determined by the canonical pairing and the exponents a;, b,. In particular, if
0 €2I'; then all the b; are even, and the sign must be + as €(2a, ) = 1 for all
a, B ET ;. By writing y? = u;t; with ;€ Uy and ¢, EK, we see that

2

[I y(z,252,35)* =< I ui2>< I1 tizyzazy_+'a> E€R.

i€l i€l i€l
This proves (3) and (4).

We note one more property of p:

&) p(0+a,d0 +a)=p(d, 0)p(a, a)€(a, ) (mod R).
For this we compute x;x, x5, in two ways. First, mod 1 + M,

X5 X, XX, = C(a, 0)x}x?

= (g(a, 6)/’(5’ J)XZJP(a3 a)x2a

= (g(a’ 5)p(57 5)/)(‘13 a)ﬂ(263 za)x2(¢§ +a)s
but also
X5 Xo X5 X = (p(3, 0)X540)?

=p(0,0)P(0 + a, + a)Xz5,4 (mod 1+ My).

Since p(24, 2a), p(J, a) *E R, from (4) and (3), this yields (5). Set p’(y, ) = 1 if
p(y,6)ER and p'(y,0) = — L if p(y, §)=— | (mod R).
Finally, we need a function ¢ : I'y — { £ 1} satisfying ¢(0) = 1 and

(6) P(y +20) = e() €7, )p'(a, )p(y)  forallea,yElx

This can be obtained as follows: pick a set {y,},c; mapping bijectively to
I';/2T'r with O the representative of 0 + 2I';. Define ¢(y;) arbitrarily in { + 1},
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except ¢(0) = 1. Then any y €I’y is expressible uniquely as y; + 2g, for some
j€J and ¢, ET';. Define

9(7) = &(a,)6(;, 0,)p'(0,, 0,)0(7)).
Then for any a €T, using (1) and (5),
Py +2a0) = 9(7; + 2a, + a))
=¢(g, + Q) 6(y;, 0, + a)p’(0, + @, 7, + D)P(7)
=¢(0,)e() (0, )€ (v}, 3,)6(1), W)p'(0,, 7,)p" (e, )6 (0, )9 (7))
= &(a) 6(0,, @) *6(y), a)p’(a, V)9 ()
= (@) 6(y;, @)p'(a, ) (y)
= &(a)6(y, 0)p'(a, )p(¥)

as y=y; mod 2Tz, proving (6).

We now turn to D. Since A4 ®F°7" = A is a division ring, [M, Th. 1] shows
that D = A ®p, T is a division ring and the valuation v on T (together with the
trivial valuation on F, and A4) extends to a valuation on D with I', =T'7 and
D = A. Moreover, the residue involution on D is *,. Identify T with its image
1®Tin D. Let P, = Band P_, = C. Define B, and Cp, by

= U 90 '(Pyy)x, and Cp= U o()n Y(P_)x,.

y€lp y€lp

We check that B, is a Baer ordering of D. The verification that Cj, is a skew
Baer ordering is analogous. Note that the union for B, is disjoint, and that
(1 + Mp)B,, C By since this is true for each term in the union. This shows that
a + b€ B, whenever a, b€B,, and v(a) # v(b). But if v(a) =v(b), we get
a + b€ By since Pyt Py € Peway Thus By + By C Bp,. Also 1€ B, and
0€Bpasp(0)=1,x,=1,and LEB = P,y ase(0)= 1. We have B, N — B, =
& as P,y N — Py = & . Fora €S(D) — {0} write a = ux, where y = v(a) and
u € Uy. Then as conjugation by x, induces the identity on D,

ux, =a =a*=xfu*=e(y)x,u*=e(y)u*x, (mod 1 + Mp).

Hence #*=e()@in D =A. Ife(y)=1,u*=%,s0 + 4EB=P,s0 1 a€
()~ "(Py,)x, C Bp. Likewise if e(y)=—1, then u*=~1,s0 1 UE€EC=
P_,, so again * a€B,. Thus S(D)— {0} C B, U — By,
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Finally we check a*Bpa C Bp. Take d = ux, EBp with u € Up; so ¢(7)u €
P,,. Write a = tx, with t € Up,. Then, mod 1 + M),
a*da = x}t*ux,x,
=g(a)x, *utx,x,
= *ute(a) 6(7, a)x,x’
=r*ute() 6 (7, a)p(a, a)p(7, 20)x ;4 20

We have, by (3) and (4), p(a, a) = p’(a, @)r,and p(?, 2a) = rywith r,, r,€R. So
7, HET?=Fg. Write a*da = $X,42. TO see a*da € B, we must check
9(7 + 2a)§ EP,, 12 We have, using (6),

o7 + 20)s = (e(@)6(7, a)p’(a, )P *iTte()6(7, Q) p'(ar, )r 1T )
=1, nt*e()ut.

This lies in Py 1, as @)U € P,y = P, 11, by (2), using the multiplicative
closure property of Band C (which implies in particular, F§*P,;, 42 € P, +20)-
Lemma 2.1 yields the assertion about the order rings, completing the proof. B

REMARK. One choice of T for Proposition 2.2 is

(o)

K=F0(X|,...,XZ,,)

where

and the x; algebraically independent over F; (cf. {JW,, Ex. 2.7]). But other
choices of T exist, including some T which are not isomorphic to a tensor
product of quaternion algebras (cf. [CW, §4]).

The next proposition will allow us to take a division algebra (of index 27)
with involution of the first kind which contains a Baer ordering with non-
invariant order ring and construct a division algebra with involution of the
second kind (also of index 2") which also contains a Baer ordering with
noninvariant order ring.

PropOSITION 2.3. Let A be an F-central division algebra with involution »,
of the first kind, B a Baer ordering of A and C a skew Baer ordering of A. Let
K = F(z), where z is transcendental over F, and a the F-automorphism of K
given by a(z)= —z. Let *=x,Qa, an involution of the second kind on
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D =AQcK. Then there is a Baer ordering By of D, whose order ring is
noninvariant if the order ring of B is noninvariant. Also, D has a skew Baer
ordering, and the index of D is equal to the index of A.

PrROOF. Let vbe the z-adic valuation of K. Using the trivial valuation on A
we see vextends to D with D = 4 by [M, Th. 1]. The residue involution on Dis
*,. Note that every nonzero element 4 of D is expressible uniquely in the form
d = uz" where v(u)=0 and n&€Z. Also, d*=d iff u*=u for n even or
u* = — y for n odd.

Let B, C D be defined by

BD = U (n—l(B)z4n U n—l( — B)Z4n+2 U n—l(C)zan+l U ﬂ_l( — C)Z4"+3).

nEL

This is a disjoint union. Clearly 1€ B,, 0& B, and B, N — B, = & since this
holds for B and C. Also B, U — B, 2 S(D)— {0} as BU — B 2.5(4) — {0}
and C U — C 2 Sk(4) — {0}. Aseach of n~!( £ B), n~!( £ C) s closed under
addition and (1 + Mp)B, C B, we have B, + B, C B, as in the proof of
Proposition 2.2. for d = uz™ € D* with v(u) =0 and ¢ = wz" € D", we have

e*de = (wz")*(uz™)(wz") = (— 1)"(W*uw)z™ 2,

Since # € Bimplies w*iw € Band ¥ € Cimplies w *uw € C, it is easy to check
in all cases that if d € B, then e*de € B,,. Hence B, is a Baer ordering of D with
B, = n(B, N Up) = B. The information on the order rings then follows from
Lemma 2.1. Let

Co=U (" N(C)z*"un(-C)z**2un~(B)z" ' Un~!(— B)z*"*3).

n€z

A calculation similar to the one just given for B, shows C, is a skew Baer
ordering of D. Finally it is clear that D and A4 have the same index. [ ]

3. The examples

In this section we construct Baer orderings with noninvariant order ring in
division algebras of any index. We first construct an example of index 2 with
an involution of the first kind, then an example of index m for m any odd
integer. We then use these with Propositions 2.2 and 2.3 to produce all the
desired examples. The examples given below will be built from symbol
algebras. If F is a field, w a primitive n-th root of unity in Fand a,bEF",
the symbol algebra A4,(a, b; F) is the n-dimensional central simple F-
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algebra generated by elements 7, j subject to the relations " = a, j" = b and
ji=wij. Forw = —1(n=2),4_/(a, b; F) is the ordinary quaternion algebra
((a,b)/F).

We now give the index 2 example. Let L be a field with an archimedean
ordering, x and y commuting indeterminates over L, let

I1+x,—
F=L(x,y) and D=<—)—c——y>.
F
If i and j are the usual generators of D then i’=1+4x, j?=—y and
k=ij=—ji, so k*=(1+ x)y. The involution * we use on D is the “j

involution”, that is, the standard involution followed by conjugation by j.
Thus i*=1i, j*= —j, k* =k and * is of the first kind. Let v be the y-adic
valuation on F, so that F= L(x). By [JW,, Ex. 4.3] D is a division algebra and
vextendsto DsothatI', = $Z and D= L(x)(/1 + x). Furthermore, v(i) =
v(j)=v(k) =14, and v(y) = 1. The valuation v is a *-valuation since * is of the
first kind. The induced involution on D is the identity since i* = i. Let o be the
nonidentity F-automorphism of D. Conjugation by j (or k) induces o on D.
The x-adic valuation ring of L(x) has two extensions to D =L(xX/1+x)
since 1 + x is a 1-unit with respect to this valuation ring; call these valuation
rings T, and T;. Note that 6(T,) = T, and 6(T,) = T,. Let V; = n~(T;). Each V;
is a total valuation ring of D. However, V; is noninvariant since jV,j ! =V,
and jV,j~! = V,. We will construct a Baer ordering of D whose order ringis V.

Since 7, is a valuation ring of the field D with residue field L having an
archimedean ordering, there is an ordering P of D with order ring T,. Then
o(P) is another ordering of D (with order ring T). Also, let Q be an ordering of
F = L{x)such that 1 + x € — Q(for example, let Q be an ordering whose order
ring is L{x] +2). Note that for any u € D", us(u)E Q since ua(u) has the form
f*—(1+ x)g? with f, g € L(x). Define B by

B=U @ (Pl Un~ @@y Un= (@ k Un~' (= Q)y* k).

n€El

Observe that this is a disjoint union since 7 ~'(P), #~"(a(P)), n(Q) C Uj, so
each term in the union has a different value. For a skew Baer ordering of D first
let R be any ordering of F with | + x€ — R and y ER, then set C = Rj.

THEOREM 3.1. With the notation above, B is a Baer ordering of
the quaternion algebra D with respect to the involution * of the first kind. The
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order ring of B is V, which is noninvariant. Furthermore, C is a skew Baer
ordering of D.

Proor. Itis clear that 1 €B and 0€ B. Furthermore, B N — B = J since
PN—P=g,cP)N—0c(P)=T, and Q N — Q =. We verify that B
satisfies the remaining conditions to be a Baer ordering.

B+BCRB.Takea,bEB. Ifv(a)<wv(b)thena + bEBsince (1 + M,)B C
B, as each of n='(P), n~'(6(P)), =~ '(Q) is closed under muitiplication by
1 + Mp. If v(a) = v(b) then a + b EB since " '(P), n~'(a(P)), n~(Q) are
closed under addition.

a*Ba C B. Let a =ty with v(t)=0 and / €EZ. Now, every a €D* has the
form either (i) a = uy* (if v(a)EZ) or (ii) a =juy* (if v(a)E4+ Z) with
v(u) =0 and s €EZ. So we have ecither

(i) a*aa = u*tuy®*/,
or
(i1) a*aa = u*(jtj  Huy> '+,

Ifa€En " Y(P)y*(i.e.,IEPand ! = 2n) then as Dis commutative, * is trivial on
D PDCP, a(P)D *2 C ¢(P) and conjugation by j induces g on D, we have
w*tu =14 2EP and w*(ti Yu =o(Du*€a(P). So in case (i) a*aa €
n~{(P)y*+m C B and in case (i) a*aa €~ (a(P))y* *»*! C B. Similarly, if
ac€n " (o(P))y**' (so I€Ec(P) and / =2n + 1) we find (as g*>=1) either
(i) a*aa €En " (o(P)y**M+1 C B, or (ii) a*aa En ~(P)y**"*VC B.
Now consider « of the form a = ty '’k with v(¢) = 0 and / €Z. For a of type (i)
or (ii) as above we have either

(i) a*aa = y'u*ty kuy’
= [u*t(kuk =" y**'k,
or
(i) a*aa = y*u*i*ty ‘kjuy*
= w*(— j)(— j)kuk=")y**'k
= [ — u*(jtj")(kuk“)]yz””'k.

Now suppose a€En~Y(Q)y*k (i.e., IEQ CF and | =2n). Then, as D is
commutative, conjugation by k induces o on D norms from D* to F* lie
in Q, and @Q-QCQ, in case (i) u*(kuk™')=1tuc(W)EQ, so a*aaE
n~YQ)y**"k C B; in case (ii) since conjugation by j induces the identity on
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F, —u*(tj YWkuk™") = —tug(@)E— Q, s0 a*aaEn~'(— Q)y*+m+lk C
B. Similarly, if €7~ (— Q)y**'k (so t € — Q and [ = 2n + 1), then either
(i) a*aa€n~(—Q)y¥*"* ' CB, or (i) a*aa€n " (Q)y**"*% CB.
Thus in all cases, a*Ba C B.

B U — B2 S(D)— {0}). Take s =s*€D". We have s = f + gi + hk with
f,g, hE€F. Since v(f + gi)EZ and v(hk)E | + Z, these values are not equal.
If v(s)=uv(f+gi)<wv(hk), then s=uy' with v(u)=0. Since u €D =
P U — P=g(P)U — 6(P), we have

tse U (a"'(P)y* Urn Y(a(P)y*+')CB.

n€Z

If v(s)=wv(hk)<v(f+ gi), then s=hk (mod 1 + M)), so s =1ty'k, with
v(t)=0 and 1EF. Since F*=Q U — Q we again have * s€B. This com-
pletes the proof that B is a Baer ordering of D.

By the construction of B it is clear that B = Pis a Baer ordering of D (as * is
trivial on D). Since P has order ring T,, B has order ring n~(T,) =V, by
Lemma 2.1.

Finally, we show C is a skew Baer ordering of D. Note that 0 & Csince 0 R;
C+CCCsince R+RCR,and CN—C=¢ since RN—R=¢. As
RU—R=F*, CU—C=F"=Sk(D)— {0). Last, to show a*Ca C C for
aE€ED*, writea = f+gi + hj + Ik with f, g, h,|EF. Let N = a*jaj~"'. Since *
is the standard involution followed by conjugation by j, N is the quaternionic
norm of a, i.e.,

N=/f'—g¥1+x)+h%y —P(1+x)y.

Because — (1 + x), yER, we have NER. Take any §j €C, so dER. Then
a*(dj)a = d(a%aj~')j =NjERj = C. Thus, a*Ca C C. Therefore, C is a
skew Baer ordering of D. |

REMARK. This D and V, were originally constructed by the second author
as an example of a division algebra with a ¢-ordering with noninvariant order
ring (see [C, correction)).

We next consider division algebras of odd index. Our construction was
inspired by the index p example given by Holland in [H,, Ex. 3.4].

THEOREM 3.2. For any odd integer m there is a division algebra S of index
m with involution (of the second kind) with a Baer ordering with noninvariant
order ring. Furthermore, S also has a skew Baer ordering.
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ProOOF. Let w bé a primitive m-th root of unity in C, x and y commuting
indeterminates and set

=Qlw +@)(x,y), F=F(w), S=4,(1+x,y;F).

(@ is the complex conjugate of w.) Then S is a central simple F-algebra of di-
mension m% Let K = F (’\"/71). Then K/F, is Galois of degree 2m. Let 4(K/F,)
be the Galois group of K/F,. If ¢ € 4(K/F,) is defined by ¢(W) =w (’/} and
i | r =1, and o is complex conjugation extended to K by a((’/}) = 2‘/_)7 and
d(x) = x, then opo = ¢ ~!. Furthermore F is the fixed field of ¢ and S is the
cyclic algebra (K, ¢, 1 + x). We define an involution on S as follows. Write
S= @ =0 "Kriwitht™ =1+ xand tct ™' = ¢(c) for c €K. We then define * on
S extending o by

m-—1 * m-—1|
( Z c,»t‘) = 2 ¢'(alc)r’.

i=0

A straightforward calculation shows * is an involution (of the second kind) on
S which fixes F;.

Let v be the y-adic valuation on F,,. Then v extends uniquely to K such that
K/F is totally ramified with Ty = (1/m)Z, T, = Z, F/F, unramified, F =
Q(w)(x) and 170 = Q(w + w)(x). Since K/F is totally ramified and 1 + xis a
unit of ¥y with [F(™/ 1+ x): F]=m, [JW,, Ex. 4.3] shows S is a division
algebra and v extends to S with [ = (1/m)Z and S = F(™/ 1+ x). Since
(vo*)|p=v|Foa |F= v|p (as vIFo extends uniquely to F), vex=vy by
[W, Cor.] or [E, Cor. 1]. Hence vis a *-valuation. Furthermore, v is smooth, in
the terminology of [H,]. To see this, let yETs. As [I5: 5| =m is odd,
I's = 2I's + I'g,. Thus y = 2v(c) + v(a) = v(cc*a) for some c €S, a EF,. Thus
if 5 = cc*a then s is symmetric and v(s) = y. Also, if 4, denotes the automor-
phism of S induced by conjugation by any t ES", we have A, o« = A 0 % =
A.oxoA7'. Hence s Ev~!(y) is smooth symmetric, and so by [H,, Cor. 3.3],
given a Baer ordering 4 of S, there is a Baer ordering B of S with B = &.

To determine V; we determine the order ring of Q and apply Lemma 2.1,
The order ring of P is the x-adic valuation ring 7’ of Q(w + @ )(x). The
valuation ring 7’ extends uniquely to the x-adic valuation ring 7” of
Q(w)(x) = F. Thus 7" is the order ring of Q N F.As1+xisal-unitin7”, T”
extends in m ways to S=F (¥ 14 x). One of these, say T, is the order ring of
Q. Note that if 7: S —S is defined by 7("/ 1+ x)=w ™/ 1 + xand 7 |
then the extensions of T” to S are T,t(T),..., ™ YT).If i and j are the usual
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generators of S with i” = 1 4+ x and j™ = y then conjugation by j induces 7 on
S. By Lemma 2.1, V, =z~ YT). Thus jV,j ‘= ' (TN #a (T)=V,.
Therefore V; is noninvariant.

As the involution on S'is of the second kind, S also has a skew Baer ordering,
by the comment after the definition of skew Baer ordering in Section 2. H

The two preceding examples and Propositions 2.2 and 2.3 are all that is
needed to produce division algebras with involution of any index which
contain Baer orderings with nonivariant order ring.

THEOREM 3.3. For any positive integer n there are division algebras of
index 2" with Baer ordering with noninvariant order ring. Examples exist with
involution of the first kind, and also with involution of the second kind.

PrOOF. Let D be the quaternion division algebra of Theorem 3.1, and let
F = Z(D). Let T be a totally ramified valued division algebra of index 2" !
with center K 2 F, with involution #; of the first kind, satisfying T =F. For
example, we could take k = F(x,, . . ., x,,_,) with the x; algebraically indepen-
dent over F, and set

X1, Xa Xon -3y X2n 2
T - ®---® (—)
( K ) « K K

with %, the tensor product of usual involutions on each quaternion factor. The
standard valuation on the iterated Laurent series field F((x,))- - - ((x2,_2)
restricts to a valuation on K which has a totally ramified extension to T
(cf. [JIW,, Ex. 2.7)). If n=1,set T=K=F)Let E=TQ®;D and E’' =
E @ K(z), where z is transcendental over K. So each of E and E’ has index 27,
Set % = % @, and *; = % @ g, where ¢ is the K-automorphism of K(z)
given by g(z) = — z. Then *;is an involution on E of the first kind and #g. is an
involution on E” of the second kind. Theorem 3.1 and Propositions 2.2 and 2.3
show that E and E’ each have a Baer ordering with respect to the given
involution with noninvariant order ring; they each have a skew Baer ordering,
as well. |

THEOREM 3.4. Foranyinteger| > | with | not a 2-power, there is a division
algebra A of index | with involution of the second kind containing a Baer
ordering with noninvariant order ring.

ProOOF. Write [ = 2"m where m > 1 is odd. Let S be the division algebra of
index m given by Theorem 3.2. Let T be a valued division algebra with
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involution of the first kind, with T totally ramified of index 2" over its center
K D F,, with T= F,. For example, take T as in the proof of Theorem 3.3. If
r=0,set T = F,. Set A = T ®, S with involution %, = %, ® *;; Theorem 3.2
and Proposition 2.2 show A has the desired properties. [ |
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